Abstract. In this paper we describe a procedure for calculating the number of regular octahedrons that have vertices with coordinates in the set {0, 1, ..., n}. As a result, we introduce a new sequence in The Online Encyclopedia of Integer Sequences (A178797) and list the first one hundred terms of it. We adapt the method appeared in [11] which was used to find the number of regular tetrahedra with coordinates of their vertices in {0, 1, ..., n}. The idea of this calculation is based on the theoretical results obtained in [14] . A new fact proved here helps increasing the speed of all the programs used before. The procedure is put together in a series of commands written for Maple.
INTRODUCTION
In this note we complete the work begun in the sequence of papers [2] , [9] - [14] about equilateral triangles, regular tetrahedra, cubes, and regular octahedrons all with vertices having integer coordinates. Very often we will refer to this property by saying that the various objects are in Z 3 .
Strictly speaking these geometric objects are defined as being more than the set of their vertices that determines them, but for us here, these are just the vertices. So, for instance, an equilateral triangle is going to be a set of three points in Z 3 for which the Euclidean distances between every two of these points are the same. The main purpose of the paper is to take a close look at the regular octahedrons in Z 3 . The simplest example of a regular octahedron with integer coordinates for its vertices is Referring to Figure 1 (b), we showed that if the regular octahedron IJKLM N is in Z 3 , then so is the cube BB 1 C 1 IH 1 LOM and vice versa. This defines a one-to-one correspondence between the classes of cubes (invariant under integer translations) and the classes regular octahedra (invariant under integer translations) in Z 3 . In [12] we determined a sequence of irreducible cubes, one from each of the classes of cubes invariant under integer translations and cube symmetries. For each one of these cubes we can construct as before a regular octahedron, obtaining this way a sequence of irreducible regular octahedrons.
Some new ingredients and other theoretical facts
In [12] , we improved and adapted the earlier code for counting all cubes with vertices in {0, 1, ..., n} 3 and extended the sequence A098928. In this paper, the usual techniques and ideas are going to be the same except some counting procedure that is very efficient in comparison to what we had before. We are going to treat this in the general case so, let us suppose that these objects can be either equilateral triangles, regular tetrahedrons, cubes or regular octahedrons with vertices in Z 3 . For such an object, say O, we can translate it, within Z 3 , to O ′ that is in the positive octant and in such way each plane of coordinates contains at least one vertex of O ′ . Let us denote by α 0 the number of objects in C m obtained by applying to O ′ all 48 possible symmetries of the cube C m . These symmetries are generated in the following way: first we have symmetries with respect to the middle planes and compositions, for example
in a total of eight including the identity, then each one of these is coupled with one of the six permutations of the variables (S 6 ). These transformations form a group isomorphic with the group of all 3 × 3 orthogonal matrices having entries ±1 and it is also known as the group of symmetries of a cube or of a regular octahedron. It is isomorphic to S 4 × Z 2 . We are going to denote this group by S cube although it is usually known under the name of (extended) octahedral group and denoted simply by O h .
If we think of α 0 as the cardinality of
which is, by the first theorem of isomorphism of groups, the same as the cardinality of the group factor S cube /G, where G is the subgroup of S cube of those symmetries that leave O ′ invariant. The structure of subgroups of S cube is known and for each divisor of 48 there is a subgroup of that order.
Hence, we expect α 0 to be in the set {1, 2, 3, 4, 6, 8, 12, 16, 24, 48} and most of the time to be 48 since an arbitrary object O ′ in C m is unlikely to be invariant under any of the symmetries of S cube .
Then, we denote by α, the cardinality of the set of all the objects counted in α 0 and their (all possible) integer translations that leave the resulting objects in C m . Also, we denote by β the objects counted in α which are in {0, 1, ..., m} 2 × {0, 1, ..., m − 1}. Finally, let us denote by γ the number of objects counted in β which are in {0, 1, ..., m} × {0, 1, ..., m − 1} 2 . Then, we found a formula that gives the number of objects obtained from O, under all symmetries and translation that leaves the resulting object in {0, 1, ..., k} 3 , k ≥ m.
This fact has been essentially proved in Theorem 2.2 in [10] . The formula that gives this number
Let us suppose that the object O can be squeezed within a box of dimensions m × n × p (m ≥ n ≥ p), i.e. up to symmetries and translations, O can be transformed to O ′ fitting snugly into B m,n,p := {0, 1, ..., m} × {0, 1, ..., n} × {0, 1, ..., p}.
We can similarly consider all eight reflections compatible with the box B m,n,p of the form
Let us denote the group of these transformations by S b . We notice that each one of these transformation leaves the object O ′ inside the box B m,n,p . From case to case, depending of what the values m, n and p are, we may have the result of some or all of the permutation transformations applied to O ′ still in B m,n,p . Hence, we will denote by ω(O) the cardinality of the set becomes
It turns out the this factorization is not accidental and the following alternative to (1) is true.
THEOREM 2.1. Given O, one of the objects mentioned before, and B m,n,p the smallest box containing a translation of O (m ≥ n ≥ p), we let u = m − n, v = n − p, and
Then the number of distinct objects in the cube B k,k,k (k ≥ m), obtained from O by all possible integer translations and symmetries is equal to Let us look into the case u > 0 and v > 0. We begin by observing that each integer translation of the box B m,n,p in all possible ways inside B k,k,k will give ω(O) more copies of O. There is no overlap between these copies because neither one of them can be inside of two distinct translations of B m,n,p . This is due to the minimality of m, n and p. We get ∆ such copies by counting all possible translations. Since m, n and p are all distinct, the box B m,n,p can be positioned first with the biggest of its dimensions along one of the directions given by the axis of coordinates, that is three different ways, and for each such position the next largest dimension can be positioned along the two remaining directions. The minimality of m, n and p makes the six different situations generate distinct objects. This explains the factor of six that appears in (2) for this situation.
In the last case, the box B m,n,p has two of its dimensions the same, so there are only three possibilities to arrange the box before one translates it. To see that we get all possible translates and symmetries of O by this counting, we can start with one copy O ′ . Construct the minimum box around it. In terms of its position and dimensions, we know in what of the six or three cases we are.
We transform it into the standard standard position, B m,n,p , and look at the corresponding object,
The transformations involved form a group of transformations generated by the permutations of the coordinates, the reflections into the axes and integer translations. Every transformation in this group, say g = τ • σ • π with π a permutation, σ a reflection or a composition of reflections and τ a translation, which satisfies
as in the definition of ω(O). This can be done by taking s 2 = π and s 1 = τ •σ. This is true again because of the minimality of the box B m,n,p , i.e. there is only one integer translation that takes a reflected box B ′ m,n,p into B m,n,p . This new way of counting is more efficient from a computational point of view because ω is simply no bigger than 48, as opposed to the previous situation when α, β and γ could turn out to be big numbers and so the number of iterations for computing them would be also large. Roughly speaking, this counting factors out fast the problem with the integer translations.
As an example, let us consider The idea of calculations is basically the same as in [12] , in which we have constructed a list of irreducible cubes that are used to generate all the other cubes in B k,k,k . Here, we are using Theorem 1.1, to construct a similar list of irreducible regular hexahedrons. As expected, an irreducible regular hexahedron is one whose coordinates cannot be obtained from a strictly smaller one with vertices in Z 3 by integer dilations and translations. One simple consequence of Theorem 1.1 is the next corollary. COROLLARY 2.2. The sides of every irreducible regular octahedron in Z 3 are of the form
We used the same way of finding the parameterizations of the equilateral triangles as in [12] :
F igure 3 (a): V ectors η and ζ F igure 3 (b):M inimality of parametrization
where q = a 2 + b 2 and (r, s) is a suitable solution of 2q = s 2 + 3r 2 that makes all the numbers in (4) integers. The sides-lengths of △OP Q are equal to d 2(m 2 − mn + n 2 ) and the triangle can be completed to a regular tetrahedron (in space) with integer coordinates if and only if k 2 = m 2 − mn + n 2 for some k ∈ Z. Related to this fact we have the following proposition. PROPOSITION 2.3. For a prime p > 3, the number of irreducible regular octahedrons in Z 3 (up to translations and symmetries) having side lengths equal to p √ 2, is at most πǫ(p) + 1, where
with Λ and Γ defined as in [11] .
The exact number of such objects is yet a big mystery to us.
The Maple Code
We wrote the code using the Maple Software and so we took advantage of the build in commands available for a various number of functions. The beginning is pretty standard:
> restart:with(numtheory):with(plots):
Step Next, we are interested in the solutions (m, n) of the equation k 2 = m 2 − mn + n 2 , which are primitive in the sense that gcd(m, n) = 1, m > 0, n > 0, and 2m < n. We apply this procedure to only those k's which are the output of kvalues. For d = 17, for instance, the procedure abcsol gives the four solutions: [1, 5, 29] , [7, 17, 23] , [11, 11, 25] and [13, 13, 23] . We observe that two of them have the property that a = b, in which case, we know (see [12] ) that the formulae (4) simplify quite a bit.
Step 2. The next seven procedures implement the new way of finding r and s which appear in the parametrization (4). It is followed by the calculation of the of the parametrization of equilateral triangles (4) and only one regular octahedron is constructed based on Theorem 1.1. This octahedron is then translated minimally into the positive octant and the minimal cube containing it is computed.
For a prime p of the form 6ℓ + 1, there exists an unique decomposition p = x 2 + 3y 2 which is calculated next. fi;
As a simple example here, the following decomposition is obtained for u = 13 and 17:
Perhaps one word of caution is necessary at this point. The decomposition in general is not unique in the usual sense since 4 = 2(2) = (1 + √ 3)(1 − √ 3). As in the example shown, we go for the second representation when something like this happens. We are interested in this decomposition because it provides suitable values for r and s that we find next. This turns out to be the greatest common divisor between A + I √ 3B and 2q with A = ac, B = bd and q = a 2 + b 2 (see [12] ). In the case we have seen before, where d = 17, if we take a = 1, b = 5 and c = 29, then we have A = ac = 29, B = bd = 85 and q = a 2 + b 2 = 26. The procedure above gives r = −1 and s = 7
and checks that As + 3Br ≡ 0 (mod 2q) and Ar − Bs ≡ 0 (mod 2q). These two conditions are enough to insure that the expressions in (4), all give integer values for the coordinates of η and ζ.
In the next procedure we use the r and s determined earlier and construct an irreducible regular octahedron in Z 3 , given a vector (a, b, c) and the possible values for (m, n) in the decomposition of k 2 = m 2 − mn + n 2 . We are using simple formulae which can be derived easily from Figure 1 In order to compare various octahedrons it is easier if they are all translated to the positive octant in such a way each plane of coordinates contains at least a vertex of the octahedron. This is accomplished with the next routine. 
],T[2][1],T[3][1],T[4][1],T[5][1],T[6][1]); b:=max(T[1][2],T[2][2],T[3][2],T[4][2],T[5][2],T[6][2]); c:=max(T[1][3],T[2][3],T[3][3],T[4][3],T[5][3],T[6][3]);
max(a,b,c); end:
Step 3. In our construction of these octahedrons we end up with essentially the same octahedron if we proceed from a different face of it. To eliminate the possibility of counting an octahedron twice or more than one time, we would like to have a way of distinguishing between octahedra and so an invariant to translation and symmetries, like the side lengths, will be good. Such an invariant is the set of k values which are given by the four pairs of opposite (parallel) faces of a regular octahedron. We must have
So, knowing ℓ and the d i 's will give us k i 's. The set {k 1 , k 2 , k 3 , k 4 } is clearly and invariant to translations and the symmetries we have talked about at the beginning of the paper. Hence, two octahedra with different sets of k-values will be essentially different. We determine these kvalues from the first three points given in the procedure f indpar. The following calculation finds The next function is multiplying a scalar with a vector. The Euclidean distance between to points is needed later. As we said before, in the procedure that follows, T is the list of the first tthree vertices given by f indpar. Step 4. In this step we calculate the orbit of an octahedron T within the reduced cube. The procedure orbitbox1 is taking care only of the eight possible symmetries. T2,T3,T4,T5,T6,T7,T8,T9,T10,T11,T12,T13,T14,T15,T16,T17,T18,   T19,T20,T21,T22,T23,T24 
S:={T1,T2,T3,T4,T5,T6,T7,T8}; S;
end:
The next procedure implements Theorem 2.1 in our situation where the objects of interest are octahedrons. The next two routines calculate the orbit of an octahedron within its minimal cube C m . This orbit has at most 48 elements and it is needed in the process of elimination of octahedrons that have already appeared in the construction. In comparison with the previous orbit, it is bigger and invariant to all the symmetries. T2,T3,T4,T5,T6,T7,T8,T9,T10,T11,T12,T13,T14,   T15,T16,T17,T18,T19,T20,T21,T22,T23,T24 S:={T1,T2,T3,T4,T5,T6,T7,T8,T9,T10,T11,T12,T13,T14,T15,T16,   T17,T18,T19,T20,T21,T22,T23, To generate all the other octahedrons we have to magnify the irreducible ones. [5, 10, {[8, 5, 7] , [4, 10, 4] , [1, 5, 8] , [4, 0, 4] , [7, 5, 0] , [0, 5, 1]}, {1}, [1, 5, 7] ], [7, 12, {[9, 0, 4] , [12, 8, 9] , [0, 4, 3] , [3, 12, 8] , [4, 3, 12] , [8, 9 , 0]}, {1, 7}, [1, 5, 11] ], [9, 16, {[3, 9, 0] , [11, 7, 16] , [14, 4, 4] , [3, 0, 9] , [0, 12, 12] , [11, 16, 7] }, {1, 3}, [1, 11, 11] [16, 0, 9] , [8, 24, 15] , [15, 16, 0] , [9, 8, 24] , [0, 9, 8]}, {1, 13}, [5, 11, 19] ], [13, 26, {[17, 13, 0] , [24, 13, 17] , [12, 26, 12] , [7, 13, 24] , [12, 0, 12] Let us observe that although there are four primitive solutions for abcsol(19) = [ [5, 23, 23] , [11, 11, 29] , [13, 17, 25] , [1, 11, 31]] we get only two essentially different octahedrons of side lengths 19 √ 2. We also need to take into account the reducible octahedrons. The next command produces the sequence we are looking for.
>NO:=[seq([k,addupnew(k,L,LL)],k=1..100)];
So, the first one hundred terms of A178797 are:
NO := [ [1, 0] , [2, 1] , [3, 8] , [4, 32] , [5, 104] , [6, 261] , [7, 544] , [8, 1000] , [9, 1696] , [10, 2759] ,
